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Abstract. Let k be a base field, R a commutative ring of coefficients, Chow(fc)fl 
the category of Chow motives, and Hmoo(fc)jj the category of noncommutative 
motives. Following Gorchinskiy-Orlov, a Chow motive is called of Lefschetz 
R-type if it decomposes in Chow(fc)ij into a direct sum of tensor powers of the 
Lefschetz motive. In the same vein, a noncommutative motive is called of unit 
R-type if it decomposes in Hmoo(fc)ft into a direct sum of copies of the (gi-unit. 
Let X be an irreducible smooth projective fc-scheme of dimension d. Our first 
main result shows that if the noncommutative motive of X is of unit R-type 
(with Z C R), then the Chow motive of X is of Lefschetz i?[l/(2d)!]-type. 
As an application, this decomposition of the Chow motive holds whenever the 
derived category of perfect complexes of X admits a full exceptional collection. 
Examples include projective spaces and rational surfaces (when k is arbitrary), 
smooth quadric hypersurfaces, Grassmannians, flag varieties, Fano threefolds 
with vanishing odd cohomology, and toric varieties (when k = C), and conjec- 
turally all homogeneous spaces of the form G/P with P a parabolic subgroup 
of a semisimple algebraic group G. Our second main result shows that if the 
Chow motive of X with i?[l/(2a!)!]-coefricients is decomposable, then the non- 
commutative motive of X with i?[l/(2d)!]-coefficients is also decomposable. 
Using Severi-Brauer varieties, we show also that the converse implication is 
false whenever R[l/(2d)l] is replaced by a ring where d is not invertible. 



1. Introduction 

Let A: be a base field and R a commutative ring of coefficients. 

Chow motives. In the early sixties Grothendieck envisioned the existence of a 
"universal" cohomology theory of schemes. Among several conjectures and devel- 
opments, a (contravariant) Cgi-functor 

M(-) R : SmProj(fc) op — ► Chow(fc) fl 

from smooth projective fc-schemes to Chow motives (with R coefficients) was con- 
structed. Intuitively speaking, Chow(fc)^ encodes all the geometric/arithmetic in- 
formation about smooth projective fc-schemes and acts as a gateway between alge- 
braic geometry and the assortment of the numerous Weil cohomology theories (de 
Rham, Betti, Z-adic, crystalline, etc); see [I, 17, 31]. 

Noncommutative motives. A differential graded (=dg) category A is a category 
enriched over complexes of fc-vector spaces; see §3.2. Every (dg) fc-algebra A gives 
naturally rise to a dg category A with a single object and (dg) fc-algebra of en- 
domorphisms A. Another source of examples is provided by fc-schemes since, as 
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proved by Lunts-Orlov [30], the derived category of perfect complexes perf(X) of 
every smooth projective fc-scheme X admits a unique dg enhancement perf dg (A). 

All the classical invariants such as algebraic -fT-theory, cyclic homology (and 
all its variants), topological Hochschild homology, and others, extend naturally 
from fc-algebras (and from fc-schemes) to dg categories. In order to study all these 
invariants simultaneously the notion of additive invariant was introduced in [43]. 
Roughly speaking, a functor dgcat(fc) — > D from the category of dg categories 
towards an additive category is called additive if it inverts Morita equivalences and 
sends semi-orthogonal decompositions in the sense of Bondal-Orlov [ ] to direct 
sums. Thanks to the work of Blumberg-Mandell, Keller, Schlichting, Thomason- 
Trobaugh, Waldhausen, Weibel, and others (see [6, 23, 24, 37, 41, 42, 45, 46, 47]), 
all the mentioned invariants are additive. In [43] the universal additive invariant 
was also constructed 

(1.1) U(-) R : dgcat(fc) — ► Hmo (fc)fl . 

Given any i?-linear additive category D, there is an induced equivalence of categories 

(1.2) U(-)* R : Fun add (Hmo (fc) fl , D) Fun A (dgcat(fc), D) , 

where the left-hand-side denotes the category of additive functors and the right- 
hand-side the category of additive invariants. Because of this universal property, 
which is reminiscent from motives, Hmoo(fc)^ is called the (additive 1 ) category of 
noncommutative motives. The tensor product of fc-algebras extends also naturally 
to dg categories giving rise to a symmetric monoidal structure — ® — on dgcat(fc) 
which descends to Hmoo(A;)i? making the above functor (1.1) symmetric monoidal. 

Motivating questions. Let X be a smooth projective fc-scheme. In order to study 
it we can proceed in two distinct directions. On one direction we can associate to 
X its Chow motive M(X)r. On another direction we can associate to X the non- 
commutative motive £/(perf dg (A))j? of the dg category perf dg (A"). Note that while 
M(X)r encodes all the information about the numerous Weil cohomology theo- 
ries of X, U(perf dg (X))n encodes all the information about the different additive 
invariants of perf dg (X). 

Let L e Chow(/c)fl; the Lefschetz motive (see Andre [1, §4.1.5]) and 1 := U(k)n 
the (g>-unit of Hmoo(/c)_R. Consider the following two simple kinds of motives: 

(i) Following Gorchinskiy-Orlov [16], a Chow motive in Chow(fc)/? is called of 
Lefschetz R-type if it is isomorphic to L®' 1 ® • • • © L®' m for some choice of 
non- negative integers l\, . . . , l m . Thanks to the work of Chen-Gibney-Krashen, 
Gorchinskiy-Guletskii, Kock, Manin, Murre, and others (see [9, 15, 25, 31, 33]), 
the Chow motives M(X)q of projective spaces, projective homogeneous spaces, 
rational surfaces, complex Fano threefolds with vanishing odd cohomology, and 
moduli spaces of n-pointed stable curves of genus zero, are of Lefschetz Q-type. 
In the case of projective spaces and totally isotropic quadrics the Chow motives 
M(X)z are of Lefschetz Z-type; see Chernousov-Gillc-Mcrkurjev [10]. 

(ii) In the same vein, a noncommutative motive in Hmoo(fc)fl is called of unit 
R-type if it is isomorphic to for a certain non- negative integer m. As 
proved in [32, §5], whenever the derived category perf(X) admits a full ex- 
ceptional collection (see Bondal [7]) the associated noncommutative motive 



There exist also in the literature a triangulated version of the category of noncommutative 
motives; consult the survey article [40]. 
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U{peif dg (X))z is of unit Z-type (and hence of unit i?-type for any commuta- 
tive ring R). 

When ZCfl, Gorchinskiy-Orlov [16, §4] proved 2 the following implication 

(1.3) M(X) R Lefschtez i?-type U(petf dg (X)) R unit R-type . 

In the particular case where R = Q, this implication becomes an equivalence 

(1.4) M(X) q Lefschetz Q-type [7(perf dg (X)) Q unit Q-type ; 
see [32, Thms. 1.3 and 1.7]. Hence, it is natural to ask the following: 

Question A: Does the above implication (1.3) admits a partial converse ? 

Now, recall that an object in an additive category is called indecomposable if 
its only non-trivial idempotent endomorphisms are ± the identity; otherwise it is 
called decomposable. Our second motivating question is the following: 

Question B: What is the relationship between the (in) decompos ability of M(X)r 
and the (in)decomposability of t/(perf dg (X))jj ? 

In this article we provide a complete answer to Question A and a partial answer 
to Question B. 

2. Statements of results 

Our hrst main result, which answers affirmatively to the above motivating Ques- 
tion A, is the following: 

Theorem 2.1. Let X be an irreducible smooth projective k-scheme of dimension d. 
Assume that Z C R and that every finitely generated projective R[l / (2d)\]-module 
is free (e.g. R a principal ideal domain). Assume also that t/(perf dg (Jf ))# ~ ©^l 
for a certain non-negative integer m. Under these assumptions, there is a choice of 
integers (up to permutation) l\, . . . , l m 6 {0, . . . , d} giving rise to an isomorphism 

M(X) R[1/(2d)l] ~ L®' 1 © • • • © L®<«* . 

Intuitively speaking, Theorem 2.1 shows us that the converse of the above impli- 
cation (1.3) holds as soon as one inverts the integer (2d)! (or equivalently its prime 
factors) in the ring of coefficients R. By combining this result with (1.3) one then 
obtains the following refinement of the above equivalence (1.4): 

Corollary 2.2. Let X and R be as in Theorem 2.1. Under these assumptions, 
M{X)n\i/(2d)\] is of Lefschetz R[l / (2d)\]-type if and only if U(-peri dg {X)) R[1/{2 dy.] 
if of unit R[l/(2dy]-type. 

In the particular case where X is a curve C and R = Z, Corollary 2.2 reduces to 

Af(C) Z [i/2] Lefschetz Z[l/2]-type C/(perf dg (C)) z[1/2] unit Z[l/2]-type. 

Moreover, since the prime factors of 4! are {2, 3}, one has 

^(S)z[i/6] Lefschetz Z[l/6]-type [7(perf dg (S , )) z[1 / 6 ] unit Z[l/6]-type 

for every surface S. It is unclear to the authors if the (strict) converse of implication 
(1.3) holds in the particular case of curves or surfaces. In general it is false: 



Gorchinskiy-Orlov worked instead with the category of Xo-motives. However, as explained 
in §3.3, this category embeds full faithfully into noncommutative motives. 
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Proposition 2.3. (see §5) Let q be a non-singular quadratic form and Q q the as- 
sociated smooth projective quadric. Assume that q is even dimensional, anisotropic, 
and with trivial discriminant and trivial Clifford invariant. Under these assump- 
tions, M(Q q )j J is not of Lefschetz 1-type while C/(perf dg (Q 9 ))z is of unit 1-type 
(and hence of unit R-type for every commutative ring R). 

Examples of such quadratic forms include all 3-fold Pfister forms and more gen- 
erally all elements of the third power of the fundamental ideal I(k) of the Witt ring 
W(k); see Example 5.4. 

Our main application of Theorem 2.1 is the following sharpening of the main 
result of [ 12]; recall from loc. cit. that the isomorphism (2.5) below was obtained 
only with rational coefficients. 

Corollary 2.4. Let X be an irreducible smooth projective k-scheme of dimension 
d. Assume that perf(X) admits a full exceptional collection (£i, . . . ,£ m ) of length 
m. Under these assumptions, there is a choice of integers (up to permutation) 
ll, . . . , l m £ {0, . . . , d} giving rise to an isomorphism 

(2-5) M(X) z[1/mi] ~ L®' 1 © • • • 8 L®' m . 

Thanks to the work of Bcilinson, Kapranov, Kawamata, Kuznctsov, Orlov, and 
others (see [4, 18, 21, 27, 34]), Corollary 2.4 applies to projective spaces and ra- 
tional surfaces (in the case of an arbitrary base field k), and to smooth quadric 
hypersurfaces, Grassmannians, flag varieties, Fano threefolds with vanishing odd 
cohomology, and toric varieties (in the case where k = C). Conjecturally, it applies 
also to all the homogeneous spaces of the form G/P with P a parabolic subgroup 
of a semisimple algebraic group G; see Kuznetsov-Polishchuk [ ]. 

Our second main result, which partially answers Question B, is the following: 

Theorem 2.6. Let X be an irreducible smooth projective k-scheme of dimension 
d. Under the assumption Z C R, the following implication holds: 

(2.7) -^(^)_R[i/(2d)!] decomposable [/(perf dg (X)) fl [ 1 /(2d)!] decomposable. 

Theorem 2.G shows us that as soon as one inverts the integer (2d)! in the ring 
of coefficients Z C R, the decomposability of the Chow motive is a stronger condi- 
tion then the decomposability of the noncommutative motive. It is unclear to the 
authors if the converse of (2.7) also holds. As the following proposition shows, this 
is false if one does not invert the dimension of X. 

Proposition 2.8. Let A be a central simple k-algebra of degree \/ dim(yl) = d and 
X = SB (A) the associated Severi-Brauer variety. 

(i) For every commutative ring R one has the following motivic decomposition 

(2.9) [7(perf dg (X)) fl ~ 1 ffi U(A) R © U{A)f © • • • © U(A)% d 

In particular, the noncommutative motive [/(perf dg (X))jj is decomposable. 

(ii) (Karpenko) When A is moreover a division algebra and d — p s for a cer- 
tain prime p and integer s > 1, then the Chow motive M(X)% (and even 
M(X) z / p %) is indecomposable. 

Intuitively speaking, Proposition 2.8 shows us that the above motivic decompo- 
sition (2.9) is "truly noncommutative" . 
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3. Preliminaries 

3.1. Orbit categories. Let C be an additive symmetric monoidal category and 
O E C a <g)-invertible object. Recall from [44, §7] that the orbit category C/-®o has 
the same objects as C and morphisms 

Hom CA{SO (a, 6) := © jeZ Hom c (a, b <8> <D® j ) . 

Given objects a, b and c and morphisms 

L = {fi}i& G e ie zHomcM® 0® j ) g = {g k }kez G fceZ Hom c (6, c ® 0® fc ) , 

the Z th -component of the composition g o f is given by the finite sum Yljttdl—j ® 
O®- 7 ) ° /j). We obtain in this way an additive category C/-®o an d a canonical 
additive projection functor n : C — > Cj-^o- Note that 7r comes equipped with a 
natural isomorphism 7ro(— %0) =>■ it and that it is universal among all such functors. 
Note also that this construction is functorial: given any other symmetric monoidal 
category T>, a £§)-invertible object O' G T>, and an additive ®-functor C — >• T> which 
sends O to O' , we obtain an induced additive functor C/^^o ~ > D /-®0' ■ 

3.2. Dg categories. Let C(k) be the category of complexes of fc-vector spaces. A 
differential graded (=dg) category A is a category enriched over C(k) (morphisms 
sets A(x, y) are complexes) in such a way that composition fulfills the Leibniz rule 
d(f o g) = d{f) o g + (-l) dc g(/)/ o d(g). A dg functor F : A -> B is a functor 
enriched over C(k); consult Keller's ICM survey [22]. In what follows we will write 
dgcat(fe) for the category of (small) dg categories and dg functors. 

Let A be a dg category. The opposite dg category A° p has the same objects as A 
and complexes of morphisms given by A op (x, y) := A(y, x). A right A-module M is 
a dg functor M : A° p — > Cd g (fc) with values in the dg category Cd g (fc) of complexes 
of fc-vector spaces. Let us denote by C(A) the category of right A- modules; see [22, 
§2.3]. Recall from [ , §3.2] that the derived category T>{A) of A is the localization 
of C(A) with respect to the class of objectwise quasi-isomorphisms. A dg functor 
F : A — > B is called a Morita equivalence if the restriction of scalars functor 
T>(B) ^ 'D(A) is an equivalence of (triangulated) categories; see [22, §4.6]. 

Finally, the tensor product A ® B of two dg categories A and B is defined as 
follows: the set of objects is the cartesian product of the sets of objects of A 
and B and the complexes of morphisms are given by (A <8> B)((x,z), (y,w)) := 
A(x, y) <g) B(z, w). 

3.3. iio-motives. Recall from Gillet-Soule [13, §5.2] [14, §5.2] the construction of 
the category KM(k)u of Ko-motives 3 . As explained in loc. cit., its objects are the 
smooth projective /c-schemes, its morphisms are given by 

Hom KMWn (A,y) := K (X x Y) R = K (X x Y) Z ® Z R, 



3 Which goes back to the foundational work of Manin [31]. 
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and its symmetric monoidal structure is induced by the product of fc-schemcs. 
Furthermore, KM(k) R comes equipped with a canonical (contravariant) (X)-functor 

(3.1) M (-)i? : : SmProj(A:) op — >KM(k) R X^X 

that sends a morphism / : X — > Y in SmProj(fc) to the class [Or^J <= Kq(Y x X)r 
of the transpose of the graph Tf := {(x, f{x)) \ x € X} c X x Y of /. 

Notation 3.2. Given a finite family X\, . . . , X n of irreducible smooth projective 
fc-schemes of dimensions di, . . . ,d n , let us denote by (Xi, . . . ,X n )n the full sub- 
category of KM(k) R consisting of the objects {Mo(Xi)n | 1 < i < n}. Its closure 
(inside KM(k) R ) under finite direct sums will be denoted by (X±, . . . ,X n )®. 

As explained in [32, §4.4], there is a well-defined R- linear additive fully faithful 
^-functor 9 making the following diagram commute 



(3.3) 



SmProj(fc) op 

M (-) R 

KM(fc)j 



P erf d g (-) 



■ dgcat(fc) 

u{-) R 
Hmo (fc) fl . 



Intuitively speaking, the category of -Ko-rnotives embeds fully faithfully into the 
category of noncommutative motives. 



4. Proof of Theorem 2.1 

Recall that by assumption Z C R. Let us then denote by i?[l/Z] the localization 
of R at Z\{0}. 

Proposition 4.1. There exists a well-defined additive functor ^> making the fol- 
lowing diagram commute 



(4.2) 



SmProj(fc)°P = 

M{-)b.{i/i\ 

Chow(fc) fi[1 / z] 



Chow ( fc )i?[l/Z]/-®fl[l/Z](l) 



: SmProj(fc)° p 



M (-)h 



KM(fc) R , 



where i?[l/Z](l) G Chow(fc)^jr 1 / z i denotes the Tate motive. 

Proof. Let X and Y be two irreducible smooth projective fc-schemes of dimensions 
dx and dy . As explained by Andre in [1, §4], given an integer j e Z, one has a 
canonical isomorphism 



Horn, 



Chow 



(k) mm (M(X) R{im ,M(Y) R[im ®R[l/Z](l)®j) ~ CH**+J(X x Y) R[1/ 



where CH dx+: > (X x Y)jmm denotes the i?[l/Z]-linear Chow group of algebraic 
cycles of codimension dx + j on X x Y modulo rational equivalence. By definition 
of the orbit category category, the i?[l/Z]-modulc 

Hom Chow(fc)R[1/z]/ _ 8R[1/z](1) (7r(M(A) fl[1/z] ),7r(M(r) fl[1/z] )) 
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identifies with 

® je zCH d x+i{X x Y) R[im = ®^+ dY CW(X x Y) R[1/Z] . 

This shows us that the category Chow(A;)mi/z]/-(8fl[i/z](i) agrees with the category 
CHMfcmi/z] of all correspondences considered by Gillet-Soule at [14, page 3128]. 
On the other hand, recall from §3.3 that 

Hom KM(fc)fl (Mo(X) R ,M (Y) R ) = K (X x Y) R . 

The searched functor ^ is defined on objects by sending M (X) R to ir(M(X) R [i/%\). 
On morphisms is defined by the following assignment 

K (X x Y) R — ► ® d *+ dY CH\X x Y) R[im a M- ch(a) ■ rrf (Td(Y)) , 

where ch(-) denotes the Chern character, Td(Y) the Todd class of Y and iry the 
projection X x Y — >• Y morphism. As explained by Gillet-Soule at [ 1 4, page 3128], 
it follows from the Grothendieck-Riemann-Roch theorem that the above assign- 
ments give rise to a well-defined additive functor ty. The fact that the diagram 
(4.2) commutes follows also from the Grothendieck-Riemann-Roch theorem; see 
[14, page 3129]. □ 

Consider the following diagram of additive functors 

Chow(fc)/?. -> ► Chow(fc) i?[1/n!] -> Chow(fc) fl[1/( „ +1)!] -> > Chow(fc) J?[1/z] . 

Since the Tate motive i?(l) is mapped to itself, the functoriality of (— )/-®_r(i) gives 
rise to the following diagram 

-» Chow(fc) fl [ 1 /„ ! ]/_ 0J? ( 1 ) -t > Chow(k) R [yz]/-®R[i/z](i) ■ 

Proposition 4.3. Given a finite family of irreducible smooth projective k-schemes 
X\, . . . , X n of dimensions d\, . . . , d n , the composition (see Notation 3.2) 

(Xi, . . .,X n ) R C KM(k) R —> Chow(fc) fl[1/Z ]/_ (g)iJ [ 1 / Z ]( 1 ) 
factors through the functor 

(Chow(fc) fl[1/(2fi)! ]/__ ( g li? ( 1) ) t] — > Chow(fe).R[i/z]/--®H[i/Z](i) 
where d := max{<ii, . . . , d n }. 

Proof. Let X r and X s be any two fc-schemes in {Xi, . . . , X n }. From the construc- 
tion of the functor 'J' (see the proof of Proposition 4.1), it is clear that it suffices to 
show that the homomorphism 

K {X r x X S ) R — > ®tt ds CW{X r x X s ) R[1/n a ^ c/i(a) ■ 7r^(Td(X s )) 

factors through 

(Btt ds CH l (X r x X s ) fl[1/(2d)l] — ► ®t + o ds CH l (X r x X a ) fl[1/Z] . 

Recall from Pappas [35, §1] that the Chern character ch(a) is given by J2 m>0 &n ^^ 
where & m (a) is a polynomial with integral coefficients in the Chern classes Ci(a) £ 
CH l (X r xX s )z- Moreover, since X r X X s is of dimension d r +d s , onehas(5 m (a) = 
for m > d r + d 8 . Hence, in order to show that ch(a) belongs to ® d LQ d "CH l (X r x 
^«)fl[i/(2d)!] i it suffices to show that the numbers {m! | < m < d r + d s } are 
invertible in R[l/(2d)\\. This follows from Lemma 4.5(i) below since d r + d s < 2d. 

Now, recall again from Pappas [35, §1] that the Todd class Td(X s ) is given by 
J2 m >o T^- H ere > D m is a polynomial with integral coefficients in the Chern classes 
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and T m is the product HpP taken over all the prime numbers; the symbol [— ] 
stands for the integral part. Since X s is of dimension d s , one has also D m = for 
m > d s . Moreover, we have a well-defined ring homomorphism 

(4.4) ir* Xs : ffl£ Cir (A s ) K[1/(2d)!] — > ®^+ ds <7iP(X r x X s ) R[1/{2d)]] . 

Therefore, in order to show that Td(X s ) belongs to ®Jl C 'H' (X s ) m x / ( 2< j)ii (which 
by (4.4) implies that 7r£ 3 (Td(X s )) belongs to ©^+ rfs C# * (X r x X s ) fl[1/(2d)!] ), it 
suffices to show that the numbers {T m | < to < d s } are invertible in R[l/(2d)l]. 
Since d s < d this follows from Lemma 4.5(h) below. □ 

Lemma 4.5. Let d be a non-negative integer. 

(i) If to < 2d then ml is invertible in R[l/(2d)\]. 

(ii) If to < d then T m := ripP^ 1 is invertible in R[l/(2d)\]. 

Proof. Item (i) follows simply from the fact that ml is a factor of (2d)!. In what 
concerns item (ii) note first that the case d = is trivial since Tq = 1. Let us then 
assume that d > 1 and m > 1. Note that [^y] ^ if and only if p — 1 < to. Hence, 
the prime factors of T m are the prime numbers p' such that p' < m + 1 < d+l < 2d; 
in the last inequality we use the assumption d > 1. By item (i) this then implies 
that T m is invertible in R[l/(2d)l}. □ 

We now have all the ingredients needed for the conclusion of the proof of The- 
orem 2.1. Recall that by hypothesis £/(perf dg (A))_R ~ ©^l for a certain non- 
negative integer to. Since 1 = U(k) R ~ [/(perf dg (spec(fc)))« one concludes from 
the commutativity of diagram (3.3) and from the additiveness and fully faithfulness 
of 9 that Mq(X)r ~ ®iL\ Mq (spec {k)) R . Recall also that by construction the orbit 
category Chow(fc) mi/( 2( j)!] I-®rci) ^ s additive. Hence, by extending the functor \& to 
finite direct sums (see Notation 3.2) one obtains a well-defined additive functor 

(4.6) *® : (A 1; . . . , X n )® — > Chow(fc)fl[i/(iW)J]/-a*(i) . 

Note that the above isomorphism Mo(A)^ ~ ©™ 1 Mo(spec(fc))# belongs to the 
category (X, spec(fc))®. By applying to it the above functor (4.6) one then obtains 

(4.7) ir(M(X) R[1/{2d)[] ) ~ e£ 1 7r(M(spec(fc)) H[1/(2d)!] ) . 

Consequently, using the equalities 

©™ 1 ( 7 r(M(spec(fc)) fi[1/(2d)!] )) = tt(©£ iM(Bpec(fc))ii[i/(M)i]) 
(©"^(spec^))^/^)©^) = ©"^(j), 

there exist morphisms in the orbit category 

/ = {/ikez G ffi jeZ Hom chow{ , )R[1/(M)!| (M(I), ffi™ ^(j)) 

9 = {gkjkez G ffi fee zHomchow(fc)« [ i/(2 < i)i] (©£LiM(spec(fc)), M(X) © i2(fc)) 
verifying the equalities go f = id = fog] note that we have removed some subscripts 
in order to simplify the exposition. As explained by Andre in [1, §4], one has 

Bom Chow(k)R[1/(2dy] (M(X),®ZiR(j)) * ®ZiCH d+j (X) R[1/{2d)l] 
and also the isomorphism 

Hom ch ow( fe ) H[1/(2d)!1 (©™iM(spec(fc)), M(X) © R(k)) ~ ©£ 1 Cif fc (X) fl[1/(2d)!] . 
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As a consequence, fj = for j ^ {—d 7 . . . , 0} and gt — for k ^ {0, . . . , d}. The 
sets of morphisms {/_; | < I < d} and {gi ® i?(l)®( _i ) | < I < d} give then rise 
to well-defined morphisms 

a:M(X) R[1/(2dy] — > ffitoCi^l) 8 '"" 

/9 : ©f=o ©£i M(X) fl[1/(2d)]] 

in Chow(fc)/jr 1 /(2d)!]- The composition /3 o a agrees with the th -component of the 
composition g o / = id, i.e. it agrees with the identity of M(X)mx/(2d)\]- Since 
iJ(l)®(-9 = L®' we conclude then that M(X) R[1/(2m is a direct factor of the 
Chow motive ffif =0 ©£Li L® ( g Chow(fe)mx/( 2( i)n. By definition of the Lefschetz 
motive L we have the following equalities 

(4.8) Hom chow (, )R[1/(M)!| (L®*L®«) = * p , • fl[l/(2d)!] p, <Z > , 

where 5 pq stands for the Kronecker symbol. This implies that M{X) R u/(2d)\\ de- 
composes into a direct sum (indexed by I) of direct factors of ®^L 1 L & . Note 
that a direct factor of 0™-^®' is the same data as an idempotent element of 
End(©™ 1 L®') . Thanks to (4.8) we have the following isomorphism 

End(©" iL^O * M mxm (R[l/(2d)l}) , 

where the right-hand-side stands for mxm matrices with coefficients in R[l/(2d)l]. 
Hence, a direct factor of ©™ jL®' is the same data as an idempotent element of 
M mxm (R[l / (2d)l]) , i.e. a finitely projective projective i2[l/(2d)!]-module. Since by 
hypothesis all these modules are free we then conclude that the only direct factors 
of ©™ iL®' are its subsums. As a consequence, M(X) R [i/( 2 d)\] is isomorphic to a 
subsum of ©f =0 ©™ 1 L®' indexed by a subset S of {0, . . . , d} x {1, . . . , m}. By 
construction of the orbit category we have 7r(L®') ~ 7r(Af(spec(fc)) Z [ 1 /( 2 d)!]) f° r 
every I > 0. Therefore, since the above direct sum (4.7) contains m terms we 
conclude that the cardinality of S is also m. This means that there is a choice of 
integers (up to permutation) l\, . . . , l m € {0, . . . , d} giving rise to an isomorphism 

M(X) R[1/(2d)l] ~ L® (1 © • • • © L®' m 

in Chow(fc)fl[!/( 2 d)!] ■ This achieves the proof. 

5. Quadratic forms and associated quadrics 

Recall from Lam's book [29] the basics about quadratic forms. In this section, 
k will be a field of characteristic ^ 2 and V a finite dimensional fc-vector space. 

Definition 5.1. Let (V, q) be a quadratic form and B q the associated bilinear pairing. 
The dimension of q is by definition the dimension of V . 

(i) The form (V,q) is called non-singular if the assignment x i-> B q (—,x) gives 
rise to an isomorphism V V*; see [29, §1.1]. 

(ii) The form (V, q) is called anisotropic if the equality q(x) = holds only when 
x = 0; see [29, §1.3]. Note that when k is algebraically closed, every isotropic 
form has dimension 1. 

(iii) Given two quadratic forms (Vi,qi) and (V^ffc), the orthogonal sum (Vi © 
V 2 ,qi -L 92) is the quadratic form defined by the map (gi _L q 2 )(x±,x 2 ) = 
qi(xi) + q 2 (x 2 ) [29, §1.2]. The tensor product {V\®V 2 ,qi®q 2 ) is the quadratic 
form defined by the map (qi © q2)(vi © v 2 ) := gi(ui) • 52(^2); see [29, §1.6]. 
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(iv) The determinant of q is defined as d(q) :— det(M g ) • (k*) 2 , where M q is the 
matrix of the bilinear form B q and k* is the multiplicative group k \ {0}. The 
determinant of q is then an element of k*/(k*) 2 which is well-defined up to 
isometry; see [29, §1.1]. The signed determinant of q is defined as d±(q) := 

(— 1)~ a ~d(q), where n is the dimension of q; see [29, §11.2]. 

(v) The discriminant extension k q defined by q is the degree 2 quadratic extension 
fe(V") of the base field k (with d :— d±(q)). 

Every quadratic form q gives rise to a Z/2Z-graded Clifford algebra C(q); see [29, 
§V.l]. The even part Co(q) ofC(q) is called the even Clifford algebra of q. Suppose 
q is non-singular. When q is odd dimensional, Co(q) is a central simple fc-algebra. 
On the other hand when q is even dimensional, Co(q) is a central simple /c 9 -algebra 
and we have the following two cases: (i) whenever d± (q) is not a square in k, the 
even Clifford algebra Co(q) is a central simple fc g -algebra; (ii) whenever d±(q) is a 
square in k (i.e. k q = k x k), the even Clifford algebra C$(q) is the product of two 
isomorphic central simple fc-algebras. In any case, we have a well-defined central 
simple algebra, i.e. an Azumaya algebra. We denote by j3 q such a central simple 
algebra and call it the Clifford invariant of q. The following definitions are not 
standard, but follow automatically from [ : , §V.2]. 

Definition 5.2. Let (V, q) be a non-singular quadratic form over k. 

(i) The form (V, q) has trivial discriminant if k q splits, i.e. if k q = k © k. Equiva- 
lently, (V,q) has trivial discriminant if d±(q) = 1 € k*/(k*) 2 . 

(ii) The form (V, q) has trivial Clifford invariant if j3q = in the Brauer group. 

Remark 5.3. An even dimensional quadratic form q has trivial discriminant and 
trivial Clifford invariant if and only if C (q) = M r (k) x M r (k), where r := 2 dim («)- 2 
and M r (k) denotes the algebra of r x r matrices over k; see the chart at [29, 
page 111]. In particular, Cq (q) is Morita equivalent to k x k. 

As explained in [ , §11.1], the isometry classes of anisotropic quadratic forms 
over k from the Witt ring W(k), whose sum (resp. product) is induced by the 
orthogonal sum (resp. tensor product) of quadratic forms; see Definition 5.1(iii). 
The classes of the even dimensional anisotropic quadratic forms give rise to the so 
called fundamental ideal I(k) C W(k); see [29, §11]. 

If q is a quadratic form whose isometry class lies in I 3 (k), then q is anisotropic 
and has trivial discriminant and trivial Clifford invariant; see [29, Cor. 3.4]. As 
proved in [29, Thm. 6.11], the converse is also true. Hence, we deduce that a 
non-singular quadratic form q satisfies the assumptions of Proposition 2.3 if and 
only if its isometry class belongs to I 3 (k). In particular, there is no such quadratic 
forms if I 3 (k) = (e.g. if k is algebraically closed or finite; see [29, §XI.6]). 

Example 5.4. (3-fold Pfister forms) In order to describe quadratic forms in the 
powers of the fundamental ideal I(k), one considers Pfister forms. The isometry 
class of the 2-dimensional quadratic form x 2 +ay 2 is denoted by (1, a) and called a 1- 
fold Pfister form. An n-fold Pfister form is the isometry class of a 2n-dimensional 
quadratic form (l,ai) ® ... ® (l,a„). The key property of Pfister forms is that 
whenever k is a function field, the ideal I n (k) is additively generated by the n-fold 
Pfister forms; see [29, §X.l, Prop. 1.2]. Hence, whenever k is a function field, 3-fold 
Pfister forms satisfy assumptions of Proposition 2.3 



MOTIVIC DECOMPOSITIONS IN THE COMMUTATIVE AND NC WORLD 



11 



Proof of Proposition 2.3. The fact that the Chow motive M(Q q )z is not of 
Lefschetz Z-type was proved by Rost [39]; see also Elman-Karpenko-Merjurkev [12, 
§XVII]. In what concerns [/(perf d (Q g ))z, recall from Kuznetsov 4 [26] that we have 
the following semi-orthogonal decomposition 

perf (Q q ) = (perf (C (q)), 0(-d + 1), . . . , O) . 

As proved in [ §5], semi-orthogonal decompositions become direct sums in the 
category of noncommutative Chow motives. Since perf dg (Co(g)) is Morita equiva- 
lent to Co(q) one then obtains the following motivic decomposition 

(5.5) £/(perf dg (Q g )) z ~ U(C (g)h © l e ™ . 
Using the above Remark 5.3 one has moreover 

(5.6) tf(Co(g))z © 1®" l 02 © 1®" ■ 

By combining (5.5)-(5.6) one concludes that [/(perf dg (Q 9 ))z is of unit Z-type and 
so the proof is finished. 

6. Proof of Theorem 2.6 

Let n > 1. Following Soule [38, page 498], let us denote by S n the category of 
those abelian groups G which verify the following two conditions: 

(i) there exist an integer m such that mg = for all g G G. 

(ii) if p is a prime factor of m then p — 2 or p < n. 

As explained in loc. tit., S n is a Serre subcategory of the category of all abelian 
groups. We start with the following "arithmetic" result: 

Lemma 6.1. Given any two abelian groups G and H , the following holds: 

(i) Assume that G = H modulo Si or modulo S 2 - Then, Gm/ 2 ] — Hz[i/2]- 

(ii) Assume that G = H modulo S n with n > 3. Then, — ^z[i/(n-i)!] • 

Proof. In the cases where n — 1, 2 the integer m is always a power of 2. Hence, if 
one inverts 2 one inverts also m. In the remaining cases the prime factors of m are 
always < n — 1. Hence, if one inverts (n— 1)! one inverts all the prime factors of m 
and consequently m itself. □ 

Proposition 6.2. Let X be an irreducible smooth projective k-scheme of dimension 
dx- Under the assumption Z C R ; the following holds: 

(i) The Todd class Td(X) is invertible in the Chow ring (B^ CH t (X)ji[i/^2dxy.] ■ 

(ii) The Chern character induces an isomorphism 

(6.3) K (X) m/{2dx)l] ^ ®ti CH i (X) R[l/{2dx)n a^ch(a). 

Proof. Recall from the proof of Proposition 4.3 that the Todd class Td(X) e 
ffi^ CiJ I (X) fl [ 1 / dx! ] is given by J2 m >o f 21 > where D m is a polynomial with integral 
coefficients in the Chern classes. Moreover, D m = for m > dx- Since by definition 
So = T = 1 one then observes that Td(X) is invertible in ®f= CH i (X) R [ 1 / dx q 
and consequently in (B^ CH l (X) R [ 1 /^ 2 d x y.]- This proves item (i). 



Kuznetsov worked in characteristic zero. Consult [3] for the same results in positive 
characteristic. 
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Let us now prove item (ii). The case dx — is clear and so we assume that 
d > 1. As proved by Soule at [38, page 52], the Chern character combined with the 
Gersten-Quillen spectral sequence give rise to the following equality 

K Q (X) Z = ®i* E^- l {X) modulo S dx . 

Moreover, as proved by Quillen at [30, Prop. 5.14], we have the identifications 

E l 2 -~ l (X)~CH l (X) z 0<i<d x - 

Using Lemma 0.1 one obtains then the following isomorphisms: 

(6-4) K (X) z[1/2] ~ ®f^ CH i (X) m/2] d x = 1,2 

(0.5) K (X) m/{dx _ m ~ (S^ Q CW(X) z[1/(dx _ m d x >3. 

The searched isomorphisms (0.3) can now be obtained by tensoring (6.4)-(6.5) with 
R[l/(?d x % □ 

Let X\ , . . . , X n be a finite family of irreducible smooth projective fe-schem.es of 
dimensions d\ , . . . , d n . Recall from §4 the construction of the functor 

where d := max{c?i, . . . ,d n }. 

Proposition 6.6. The induced R[l / (2d)\]-linear functor 

*® : (X%, . . . 1 ^n)|[ 1 /( 2d )!] > £ how (k)R[l/(2dy.]/-®R(l) 

is fully faithful. 

Proof. Let X r and X s be any two fc-schemes in {X±, . . . , X n }. From the construc- 
tion of "J® it is clear that it suffices to show that the homomorphism 

Cfi 7\ K o(X r X X s ) ii [i/(2d)!] ► ®i=o ds CH l (X r X X 3 ) R [x/(2d)l] 

{ ' a i y ch{a) ■ ir Xs (Td(X s )) 

is an isomorphism. Thanks to Proposition 0.2(i) (applied to X = X s ) the Todd 
class Td(X s ) is an invertible element of (Bfl CH t (X s ) R [ 1 ^ 2 d s y.] and hence of the 
Chow ring (Bi= CH l (X s ) R [ 1 /( 2 d)\] ■ Moreover, since 

Tx, '■ ®iLaCH l (X s ) R [i/( 2d y^ — > "CH l (X r x X s ) R [i/( 2d )!] 
is a ring homomorphism we conclude that ir* x (Td(X s )) is an invertible element 

of "CH l (X r x -X" s ).R[i/(2d)!]- Therefore, in order to prove that (0.7) is an 

isomorphism it suffices to show that the induced Chern character homomorphism 

K {X r x X s ) R[1/(2dy] — ► ®^ d " GH K X r x X s ) R[1/[2m a h> ch(a) 

is an isomorphism. This follows now from Proposition 0.2(h) above applied to 
X = X r x X s . □ 

We now have all the ingredients needed for the conclusion of the proof of Theo- 
rem 2.0. Recall that by hypothesis X is an irreducible smooth projective fc-scheme 
of dimension d. By combing the commutativity of diagram (3.3) with the fully 
faithfulness of the functor 8 one obtains an i?[l/(2cf)!]-argebra isomorphism 

End(£/(perf dg (X)) H[1/(2d)!] ) ~ End(M (X) R[1/(2(i)!] ) . 
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Thanks to the fully faithfulness of the functor vp® of Proposition 6.G (applied to the 
category (X) mx/(2<j)!]) anc ^ ^he commutativity of diagram (4.2), one has moreover 

End(M pO R[1/(M)!] ) ~ End(*®(M (X) R[1/(2d)!] )) ~ End(n(M(X) R[1/{2m )) . 
Now, recall that by construction the projection functor 

7T : Chow(fc) fl[1/( 2 d)! ] — ► Chow(fc) i?[1/(2(i ) ! ]/_ 0J?(1 ) 
is faithful. Consequently, one obtains the following inclusion of i?[l/(2ci)!]-algebras 

End(M(X) K[1/(2d)!] ) End([/(perf dg (X)) i i [1/(2d)!] ) . 
This automatically gives rise to the searched implication (2.7). 

7. Proof of Proposition 2.8 

Item (ii) is due to Karpenko and is proved in [19, Thm. 2.2.1] for M(X)%. The 
same result holds for M(X) z / pZ ; see [20, Cor. 2.22]. 

Let us now show item (ii). Recall from [5] that we have the following semi- 
orthogonal decomposition 

perf (X) = (perf (fc), perf (A), perf (A® 2 ), . . . , perf (A® d )} . 

As proved in [32, §5], semi-orthogonal decompositions become direct sums in the 
category of noncommutative motives. Since perf dg (A® 4 ) is Morita equivalent to 
A® 1 , one then obtains the following motivic decomposition 

(7.1) C/( P erf dg (X)) fl ~ U(k) R © U(A) R © U{A® 2 ) R «... © U{A® d ) R . 

Finally, since the functor U(—) R is symmetric monoidal, (7.1) identifies with (2.9). 

Remark 7.2. Karpenko's indecomposability result holds also for M(X)%/ p n% and 
hence on the p-adic integers; see De Clercq [11, Rmq. 2.3]. 
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